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Supplementary Exercise 4

1. Find the equation of circle passing through the points 5 + 4, —3 + 5i and 4 — 2i.

1
2. Let f(z) = = and let wq, ws, w3, wy be four distinct complex numbers.
z

Show that [f(w1), f(w2), f(ws), f(ws)] = [w1, w2, w3, ws] and so f(z) maps a circle or a line to a
circle or a line.
3. Let D={z€C:|z] <1} and Auwt(D) = {f(2) = A2 : a, A€ C, |a| <1, [\ = 1}.

az — 1

Let f(z) € Aut(D). Show that

(a) if |z| < 1, then |f(2)] < 1 and if |z| = 1, then |f(2)| = 1;

(b) if I is a straight line passing through 0, then the image of | under f is also a straight line
passing through 0.

c¢) if v is a circle perpendicular to the unit circle I' = {z € C : |z| = 1}, then the image of ~
Y
under f is also a circle perpendicular to I'.

_ i 2% — i
4. Letz:x—l—iyE(CWherem,yeRandletf(z):( Zz) 2 1= Z 11.
—5)z— —iz —

Find the images of the straight line # = y and the circle 22 + y? = 1/16 under f(z).

(Remark: Do their images perpendicular to each other at every intersection point?)

Lecturer’s comment:

1. Let z =z + iy € C, where z,y € R. Ssuppose z lies on the circle passing through the points 5 + 4,
—3+ 5% and 4 — 2i.

Then, we have [5+4,—3 + 5i,4 — 2i, 2] € R, i.e. Im([5+ i, —3 + 54,4 — 24, 2]) = 0.

. . . x +yi) — (=3 + 5i) (x +yi) — (4 —210)
15+14,=3+5i,4 - 2i,2] ( 5+z 3+5z))/<(5+i)(42i)>

(52 fi ) (e=oroem)
(z — 3y +18) + (3z +y + 4)i

8z + 4y — 24) + (—4x + 8y + 32)i
—(z — 3y +18)(—4x + 8y + 32) + 3z + y + 4)(8x + 4y — 24)
(8x 4 4y — 24)2 + (—4x + 8y + 32)2

Im([5 44, —3 4 5i,4 — 2, 2]) =

Therefore, Im([5 + ¢, —3 + 5,4 — 2i,2]) = 0 implies —(x — 3y + 18)(—4x + 8y +32) + Bz + y +
4)(8z + 4y — 24) = 28(z? + y? — 2y — 24) = 0.

The required circle is 22 + 3% — 2y — 24 =0



2. We have

[f(w1), f(wa), f(ws), fws)] =

= [w1>w2;w37w4]

The equation of a circle or a line can be given by Im([z1, 22, 23, 2]) = 0, where 21, 29, 23 are three

distinct points on that circle or line.

Let w = f(z). By the above, we have

Im([f(21), f(22), f(z3), w]) = Im([f(21), f(22), f(23), f(2)]) = Im([21, 22, 23, 2]) = 0.
Therefore, the image is still a circle or a line passing through the points f(z1), f(22), f(23).

3. Letw:f(z):)\Z_al,wherea,)\e(c, la] <1 and |A] = 1.
-

(a) If |z] = 1, then

lw> = ww

- (1) (=5)
az — 1 az — 1

|22 — az — @z + |a)?

= A\

la|?|z]? —az — Gz + 1
=1

The last equality follows from the fact that |A\| = 1 and the assumption that |z| = 1. Then,

|w|? = 1 implies |w| = 1.

(b) If |z] < 1, then

w = )\,Z_a
az—1
o w—=A
= Fw-2x
w— Aa
1 > =
g aw — A
law — X > |w— A
law — A> > |w—Aa|?
(@w—N(@@—X) > (w—Aa)(®@— Aa)
aPlw?] — A~ Raw +1 > [w?| — Aaw — Aaw + AP wf?
1> |wP
wl < 1



(¢) If 4 is a circle perpendicular to the unit circle T, then the image of 4 under inversion is itself.

In particular, we can choose a pair of points zy and — such that both of them are lying on ~.

Z0
1 _
Z0—a 1 (Z:)—a 1—az
Th =\ d f(=)=)\-2 = .
o, f(z0) a1 f(%> a(5) -1 a—7
1 azpg—1 1. 1—-azy 1 1
Wealsonotethat7::~ai0 — =(—=) = aiO: — ajozf(:).
f(zo) X Zo—a A a—72p a—7p Z0
1 1
Therefore, the image of v under f(z) is a circle that contains f(zg) and ) =f (Z:), which
20 0

shows that the image of 7 under f(z) is a circle is again perpendicular to I

4. Let w = u+ v = f(z), where u,v € R. Then,

B 2z —1
S |
_ —wHi
T 9w
o —ut (vt 1)
Tty = m
o —ut (w0 -3+ 2)i
- (2—-v)2+u?
—u w402 —3v+2
Therefore,x:m and y = Iy

If z = y, then we have u? + v? + u — 3v + 2 = 0, which is the image of x = y under f(z).

If 22 4+ y? = 1/16, then 15u? + 1502 — 280 + 12 = 0, which is the image of 2% + y* = 1/16 under
f(2).

(Remark: Let C; and Ce be two circles on a plane with radius r; and ro respectively and let d be

the distance between two centers. Two circles are perpendicular if and only if 7# 4+ 73 = d?. You

may check the above two circles are perpendicular to each other.)



